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The problem of predictive control of nonlinear process systems subject to input con-
straints is considered. The key idea in the proposed approach is to use control-law in-
dependent characterization of the process dynamics subject to constraints via model
predicative controllers to expand on the set of initial conditions for which closed—loop
stability can be achieved. An application of this idea is presented to the case of linear
process systems for which characterizations of the null controllable region (the set of
initial conditions from where closed—loop stability can be achieved subject to input
constraints) are available, but not practically implementable control laws that achieve
stability from the entire null controllable region. A predictive controller is designed
that achieves closed-loop stability for every initial condition in the null controllable
region. For nonlinear process systems, while the characterization of the null controlla-
ble region remains an open problem, the set of initial conditions for which a (given)
Lyapunov function can be made to decay is analytically computed. Constraints are for-
mulated requiring the process to evolve within the region from where continued decay
of the Lyapunov function value is achievable and incorporated in the predictive control
design, thereby expanding on the set of initial conditions from where closed—loop sta-
bility can be achieved. The proposed method is illustrated using a chemical reactor
example, and the robustness with respect to parametric uncertainty and disturbances
demonstrated via application to a styrene polymerization process. © 2008 American
Institute of Chemical Engineers AIChE J, 54: 1487-1498, 2008
Keywords: nonlinear model predictive control, constraints, null controllable region,
stability region

Introduction

The operation and control of chemical processes often
encounters constraints that arise out of physical limitations
on the control actuators. The constraints, if not accounted for
in the control design, can cause performance deterioration or
even instability in the closed-loop system. Specifically, the
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presence of constraints limits the set of initial conditions
from where a process can be stabilized at a desired equilib-
rium point (the so-called null controllable region). A mean-
ingful measure of how well the available control effort is
being utilized by the control law can be obtained via a com-
parison of the stability region under a given control law with
the null controllable region. Such a measure also provides
assurance on the ability of the control law in recovering
from the effect of disturbances that may temporarily drive
the process away from the nominal operating point. These
considerations have motivated extensive research on account-
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ing for constraints via modifications in existing control
approaches (e.g., antiwindup designs'), as well as fostered
the development of controllers that explicitly account for the
presence of constraints via Lyapunov-based (see, for exam-

ple,z’7 and®® for excellent reviews), and model-predictive
control designs (see, for example,“H7 and the survey paper,
Ref. 18).

Given that process dynamics are sometimes identified or
approximated by linear process systems, extensive research
work has focused on designing and analyzing controllers that
utilize a linear process description in computing the control
action. Characterization of the null controllable region for
linear process systems, while being difficult, is a tractable
problem, and has been the focus of several research
efforts.'*2? Furthermore, several controller designs have
been proposed that allow the possibility of turning any given
subset of the null controllable region into the stability region
of a proposed controller design.Bf25 Model predictive control
(MPC) approaches allows implementation of stability con-
straints demanding the state to go to some invariant neigh-
borhood of the origin (or the origin itself).'*** When guaran-
teeing feasibility from a subset of the null controllable region
(under the assumption of initial feasibility of the optimization
problem), the results use the approach of quantifying (and
using as the horizon) the maximum over the minimum possi-
ble time for every point in the given set to be driven to the
origin. Such an approach leads to prohibitively large values
of the horizon (leading to practically un-implementable con-
trollers) when requiring enhancement in the stability region.
For some classes of linear systems (systems with real eigen-
values, low-order systems with complex eigenvalues),
explicit expressions for the boundary of the null controllable
region, parameterized by the magnitude of input constraints,
have recently been characterized.”> The work in Ref. 22
however, does not consider the problem of determining the
control law that can stabilize all initial conditions in the null
controllable region. As a special case of the key idea in the
proposed work, we show how the characterization developed
in** can be utilized within the model predictive control
framework to achieve stabilization from all initial conditions
in the null controllable region, without unduly increasing the
computation complexity of the optimization problem.

For nonlinear processes, the problem of explicitly charac-
terizing the null controllable region remains intractable. Lya-
punov-based control designs address the problem of explicit
characterizations of the stability region (see, e.g., Refs. 2,5,6)
under given control laws. The stability regions, however, are
limited to (possibly conservative estimates of) invariant sub-
sets (€2) of the set of states for which the Lyapunov function
(V) can be made to decay (IT) under the specific control law.
In the model predictive control framework, several designs
have been proposed that guarantee closed—loop stability con-
tingent on the assumption of initial feasibility of the optimi-
zation problem.ls'%*34 In'®333% the optimization problem is
reformulated within the framework of solving linear matrix
inequalities (LMIs), with the ensuring “error” due to local
linearization accounted for via robust MPC formulation, and
stability is guaranteed under the assumption of existence of
a solution to the LMIs. In,>’ Lyapunov-based and model
predictive approaches were utilized within a switched con-
troller framework to enable implementation of existing
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model predictive controllers with guaranteed stability
region. More recently, in*®** (see Ref. 9 for further results
and references), the stability properties of auxiliary Lyapu-
nov-based controllers of>® were utilized in formulating sta-
bility constraints in the optimization problem in a way that
the predictive controllers of*%3° mimic the (possibly con-
servative) stability region of the auxiliary control designs.
The stability region estimates in the existing designs,>®°
however, do not fully utilize the constraint handling proper-
ties of the predictive controller approach to expand on the
set of initial conditions from where closed—loop stability
can be achieved.

Motivated by these considerations, this work considers the
problem of control of nonlinear process systems subject to
input constraints and presents predictive controllers that uti-
lize control law independent analysis of the process dynamics
in the controller design. First, linear process systems are con-
sidered and a predictive controller is designed that achieves
closed—loop stability for every initial condition in the null
controllable region (not just subsets of the null controllable
region) without resorting to (practically) infinite horizon. For
nonlinear process systems, the set of initial conditions for
which V < 0 is achievable (subject to constraints, and inde-
pendent of the control law) is first characterized. This charac-
terization is then utilized to formulate constraints in the pre-
dictive controller that not only require the Lyapunov function
value to decay, but also require the process to continue to
evolve in the region from where successive decay in the Lya-
punov function value is achievable. The enhancement in the
set of initial conditions from where stability is achieved by
the proposed method is illustrated using a chemical reactor
example, and the robustness with respect to parametric
uncertainty and disturbances demonstrated via a styrene poly-
merization process.

Preliminaries

In this section, we present the process description, a poly-
merization reactor to motivate our results and review existing
Lyapunov-based predictive control designs.

Process description

We consider nonlinear processes with input constraints,
described by:

1=f(x)+Gx)u(r)

ueld M

where x € IR” denotes the vector of state variables, u € IR”
denotes the manipulated inputs taking values in a nonempty
convex subset % of IR”, where % = {u € IR™: Uy, < u <
Umax }» Umin € IR” and up,.x € IR” denote the lower and upper
bounds on the manipulated input, ™™ > 0 is such that |u|
< ™™ implies u € %, where || - || is the Euclidean norm of
a vector, and f{0) = 0. The vector function f{x), and the ma-
trix G(x) = [g1(x) ... gn(x)] are assumed to be sufficiently
smooth on their domains of definition. The notation L
denotes the standard Lie derivative of a scalar function A(-)
with respect to the vector function f(-), 0X denotes the
boundary of a set X and x(T™) is used to denote the limit of
the trajectory x(f) as T is approached from the right, i.e.,
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x(T*) = limx(r). Throughout the manuscript, we assume
t—T+

that for any u € % the solution of the system of Eq. 1 exists,
and is continuous for all ¢. In the remaining of this section,
we first present a styrene polymerization process that we will
use to motivate our results, and then review a Lyapunov-
based model predictive control design that mimics the stabil-
ity region of Lyapunov-based nonlinear control designs.

Motivating example

To motivate our predictive control design methodology
and to demonstrate an application of our results, we intro-
duce in this section a polystyrene polymerization process. To
this end, consider a model for polystyrene polymerization

process given in** (also studied in, e.g.,*")
: F:Cy —F,C
C1:7( vt [)—de1
Vor
: F,Cys — F,C
Cy = EnCw =FCu) 4 e
Vpr
. F(Tr—T —AH hA
i B =) ( )k,,CMCP— (T —T.)
Vor PCp pcV
. F Ty —T. hA
7. = Felly = To) (T -1,

VL' * pccpc Vc'

1 2)
|:2ﬂ<dC1:| ?
Cp= |21
k;
—Ea
kqa = Age RT
—E,
k, = Aye RT
—E,
k, = A,eRT

where C;, Cr, Cpy, Cpyy, refer to the concentrations of the ini-
tiator and monomer in the inlet stream and in the reactor,
respectively, T and Ty refer to the reactor and inlet stream
temperatures, and T, and T, refer to the coolant inlet and
jacket temperatures, respectively. The primary manipulated
inputs are the monomer and coolant flow rates. As is the
practice with the operation of the polystyrene polymerization
process,40 the solvent flow rate is also changed in proportion
to the monomer flow rate. The values of the process parame-
ters are given in Table 1. The control objective is to stabilize
the reactor at the unstable equilibrium point (C; = 0.0480
kmolm 3, Cp; = 2.3331 kmolm >, T = 35492 K, T. =
316.2429 K), corresponding to the nominal values of the
manipulated inputs of F. = 0.000131 m’s™' and F,, =
0.000105 m>s~'. The manipulated inputs are constrained as 0
< F,, <0.003105 m’s™', 0 < F, < 0.0031 m>s~". Owing to
the high-dimensionality and nonlinearity of the process (as
will be subsequently seen), stability region estimates derived
using Lyapunov-based tools are conservative, and develop-
ment of control designs that best use the available control
action to enhance the set of initial conditions from where sta-
bilization is achieved is of significance. We will demonstrate
the application, as well as investigate the robustness, of the
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Table 1. Styrene Polymerization Parameter Values

and Units
F;=3x107* mes™!
F,=105x10"* ms™!
F,= 1275 x 107* ms”!
F, = 2625 X 107* ms™!
F.=131x10"* ms™!
Cin = 0.5888 kmolm™>
C; = 0.0480 kmolm™3
Curn = 9.975 kmolnfz
Cy = 2.3331 kmolm™
Ty, = 306.71 K
T = 354.9205 K
Torn = 294.85 K
T. = 316.2429 K
Ay =595 x 10" st
A, =125 x 10" 57!
A, = 1.06 X 10° kmolm™3s™"
EJR = 14.897 X 10° K
EJR = 843 X 10? K
E,/R = 3.557 X 107 K
=06
AH = —1.67 X 10* kJkmol ™!
pe, = 360 kJmfIK !
hA = 700 JK s
PeCpe = 966.3 k/}m*K*'
V, = 3.0 m
V= 3312 m
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proposed control design to the styrene polymerization exam-
ple, while illustrating the finer details of the proposed con-
troller using an illustrative chemical reactor.

Lyapunov-based model predictive control

In this section, we briefly review a recent result on a Lya-
punov-based predictive controller that has an explicitly char-
acterized feasibility and stability region. To this end, con-
sider the system of Eq. 1, for which a predictive controller™®
is designed of the form

urppc = argmin{J (x, t,u(-))|u(-) € S} 3)

st x=f(x) + G(x)u 4

V(x(r)) < =€ Ve[t +A) if Vx@)>d (&)
Vix(r)) I Vrel,t+A) if Vx@)<d (6)

where § = S(¢,T) is the family of piecewise continuous func-
tions (functions continuous from the right), with period A,
mapping [t,t + T] into U and T is the horizon. Eq. 4 is the
nonlinear model describing the time evolution of the state x,
V is a control Lyapunov function, and ¢, &¢* are parameters
to be determined. A control u(-) in S is characterized by the
sequence {u[j]} where u[j]: = u(jA) and satisfies u(t) = ulj]
for all T € [r + jA,t + (j + 1)A). The performance index is
given by
++T

sota) = [ [Wsnnlp+ lu@E]as @

where Q is a positive semidefinite symmetric matrix, and R
is a strictly positive definite symmetric matrix. x“(s;x,f)
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denotes the solution of Eq. 1, due to control u, with initial
state x at time ¢. The minimizing control u’(-) € § is then
applied to the plant over the interval [z, + A), and the pro-
cedure is repeated indefinitely.

The stability properties of the predictive controller are
characterized using a bounded controller of the form (e.g.,
see Refs. 2,5 and 6)

u(x) = —k(x)(LgV)' (x) ®)

LAV () + 4 (LY (06)) 4 (| L6V Y @)1)

LV @) {1 1+ ([ L6V ()]

k(x) = &)

2

when LgV(x) # 0 and k(x) = 0 when LsV(x) = 0 where

av
LiV(x) = ix) F(), LgV(x) = [LV() - Ly V(] and

gi(x) is the i-th column of the matrix G(x). For the controller
of Egs. 8 and 9, one can show, using a standard Lyapunov
argument, that whenever the closed—loop state, x, evolves
within the region described by the set

= {x€IR": L;V(x) < u™™||(LgV) (x|} (10)

then the control law satisfies the input constraints, and the
time-derivative of the Lyapunov function is negative-definite.
An estimate of the stability region can be constructed using a
level set of V, i.e.

Q={xelR":V(x) <™} (11)

where ¢™* > 0 is the largest number for which Q < TI.

Closed—loop stability and feasibility properties under the
Lyapunov-based predictive controller are inherited from the
bounded controller under discrete implementation, and are for-
malized in Theorem 1 following (for a proof, see Ref. 38).

Theorem 1% Consider the constrained system of Eq. 1
under the MPC law of Egs. 3-1. Then, given any d > 0, xo €
Q, where Q was defined in Eq. 11, there exist positive real
numbers &, ¢*, A*, such that if A € (0,A*], then the optimi-
zation problem of Eq. 3-7 is feasible for all times, x(t) € Q
for all t > 0 and limsup ||x(7)|| < d.
—00

Remark 1: The key idea in the predictive control design is
to identify stability constraints that can (a) be shown to be
feasible, and (b) upon being feasible can guarantee stability.
The analysis of discrete implementation of the control law of
Eqgs. 8 and 9 ensures the existence of a feasible solution to
the predictive controller formulation from an explicitly char-
acterized set of initial conditions. While the predictive con-
troller utilizes the auxiliary control design to address the
problem of guaranteeing initial feasibility, utilization of the
constraint of Eq. 5 only imitates the stability properties (and
the stability region) of the bounded controller, and does not
fully exploit the constraint handling capabilities of the pre-
dictive control approach to expand on the set of initial condi-
tions from where closed—loop stability is achieved.
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Enhancing the Stability Region Estimates
Using Model Predictive Control

The stability region estimates of existing Lyapunov-based
predictive controllers are limited (and dependent upon) stabil-
ity region estimates obtained using the auxiliary control
approaches, and by not fully utilizing the constraint handling
capabilities of the predictive control approach, suffer from the
same possible conservatism as the auxiliary control designs. In
this section, we present a predictive control design wherein
constraints are formulated that, by better utilizing Lyapunov-
based analysis tools, enhance the set of initial conditions from
where closed—loop stability is achieved. Before we proceed to
the controller design for nonlinear systems, we first consider,
as a special case, linear systems subject to constraints, and
show how the utilization of the process dynamics in the con-
troller design results in a predictive controller that guarantees
stabilization from all initial conditions for which closed-loop
stability can be achieved subject to constraints. We next con-
sider nonlinear systems and formulate a predictive controller
that not only provides an explicit characterization of the stabil-
ity region, but also enhances the set of initial conditions from
which closed-loop stability is achieved.

Linear systems subject to constraints

Linear descriptions of the process dynamics are often uti-
lized in controller design for chemical processes. While
extensive results exist on constructing control designs that
guarantee stability from any given subset of the null control-
lable region (see, e.g., Refs. 10,19-25,42), the computational
complexity of the control design typically renders the control
implementation impractical as larger and larger stability
regions are desired. Furthermore, there exists a lack of results
that guarantee stability for any initial condition in the entire
null controllable region. In this section, we show how the
characterization of the null controllable region, developed
in,”* can be utilized within the predictive control approach in
achieving stability for all initial conditions in the null con-
trollable region. To this end, consider processes whose
dynamics can be described by

%(r) = Ax(r) + Bu(t), u e U (12)

where A and B are constant n X n and n X m matrices,
respectively. A summary of characterization of the null con-
trollable region is described following.**

Null controllable region for linear systems. A state xo is
said to be null controllable if there exists a T € [0,00), and
an admissible control u(f), such that the state trajectory x(¥)
of the system of Eq. 12 satisfies x(0) = xo and x(T) = 0, and
the union of all null controllable sets is called the null
controllable region of the system, which we denote by X™,
The null controllable region characterized as (see Ref. 22)
X" = Urepoo0) X = — fOT e Bu(t)dr : u(t) €U} can be
shown to be a bounded convex open set containing the origin
if A is unstable. It can be shown that the null controllable
region of the multi-input system of Eq. 12 is the Minkowski
sum of the single input subsystems

X(t) = Ax(t) + biui(t), wi(t) € U; (13)
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where B = [by b, ... b,,] and u; denotes the i-th component

of the vector u. Specifically, let X]"* denote the null control-
m

lable region of the subsystem of Eq. 13 then X™%* = " XM —

i=1
{m+xm+-+x,:xeX™ i=1,...,m}. For systems
with real eigenvalues (see Ref. 22 for computing the null
controllable region for low-dimensional systems with com-
plex eigenvalues), the boundary of the null controllable
region can be computed as®>

n—1

D (1Y e 4 1T AT o™ - 0
j=1

oX™ = {i
(14)

_l‘IszS"'anlﬁl‘EOO}

Equation 14 can be used to verify whether a state lies
within the null controllable region and, more importantly,
can be used to compute, for a given state, the unique value
of u}, such that the state resides on the boundary of the null
controllable region of a system of the form of Eq. 13 with a
constraint of u; on the manipulated input u;. Utilizing these
properties, for a given state x, we define a function u] (x) as
the unique positive number u; for which x, € OX™(u}).
Essentially, for a given state xo, Eq. 14 is solved to yield ¢#;, i
= 2...n — 1, t and u}°™. The value of u°™ equals the ficti-
tious constraint u; (see Eq. 22 for an illustrative example). In
the next subsection, we show how the predictive control
approach can utilize such a characterization in enabling stabi-
lization from all points within the null controllable region.

Predictive control design with the null controllable region
as the stability region. The key idea in the predictive con-
trol design is as follows: for any given value of the state, the
value u} represents the minimum control action required to
stabilize the system. A meaningful control action, therefore,
would be one that drives the process in a way that the mini-
mum control action required to stabilize the system
decreases. This intuitive idea is formulated mathematically in
Theorem 2 later. To this end, consider the system of Eq. 12,
and an xo € X™™. Let x;0 € X™*(u}), i = 1 ,..., m be such
that xo = > /2 x;0, with uf < u?™. The predictive control-
ler that guarantees stabilization from all initial conditions in
XM takes the form

u; ypc = argmin{J (x, t,u(-))|u(-) € U, x(0) =x;0}  (15)
s.t. X =Ax+ bu; (16)

u; (x(1)) < 0 17

Equation 16 is the linear model describing the time evolution

of the state x, due to the i-th manipulated input. The per-
formance index is given by

T(x,t,u(-) = " (xi(r)) (18)

The minimizing controls #?(-) are then applied to the plant
and the procedure is repeated indefinitely. Note that the
aforementioned formulation is a continuous time version of
the MPC, and assumes instantaneous evaluation and imple-
mentation of the computed control value. The result under
continuous implementation is presented in Theorem 2, and
the “implement and hold” approach demonstrated and dis-
cussed in the simulation example for linear systems, and

AIChE Journal June 2008 Vol. 54, No. 6

Published on behalf of the AIChE

addressed explicitly in the predictive control design for non-
linear process systems in Theorem 3.

Theorem 2: Consider the constrained system of Eq. 12
under the MPC law of Eqs. 15-18. Then, given any xy €
X" the optimization problem of Eq. 15-18 is feasible for
all times, and rliTox(l) =0.

Proof of Theorem 2: We first prove the results for a single
input system, and then illustrate the generalization to multi-
input systems. In the proof, the key things to show are guar-
anteed feasibility of the optimization problem and the opti-
mal solution leading to closed—loop stability.

Single input system: In this part of the proof, we will drop
the subscript on the input, with the understanding that a sin-
gle input system is being analyzed. Consider an x, € X™,
for which u"(xo) = uf; < u™™. In part 1, we show feasibility
of the optimization problem, and in part 2, the implementa-
tion of the optimal solution resulting in closed—loop stability.

Part 1: Since xo € X" (u
input trajectory u(f) with lu(f)l < u"™ such that

lim x(#) = 0. Out of all such possible trajectories (for which
—00

lim x(¢) = 0) let
1—00

1M there exists at least one

up= min  max i () (19)
where x, (f) denotes the state profile corresponding to an
input profile of u,(f). Thus, u] represents the minimum (over
all possible stabilizing trajectories) of the maximum (over
time) value that the function u*(-) takes. Note that if u] >
u™™, then an x}, such that u (x}) = u} will be such that x;
€ X" (u"°™) (in other words, it would mean that the process
starting from a state outside the null controllable region is
actually stabilized), which leads to a contradiction, we, there-
fore, have that

uy <y (20)

Let uj = uj + y with y > 0. Since xo € OX""(u), this
implies that xo € X"**(ufy + 7/2). Denoting
2= Dy, X (2, (1)) 2D
and invoking Eq. 20 again with u§ + /2 = u"™™, we get
that u; < uy + y/2. Furthermore, noting that the minimiza-
tions of Egs. 19 and 21 are exactly the same, albeit with a
larger constraint in Eq. 19 compared to Eq. 21, we get that
up = uy + y < uy; < uy + /2, which once again leads to a
contradiction, implying y cannot be a positive real number.
This finally leads to the conclusion that for any x, € X™*
(u"™), there exists a manipulated input profile and corre-
sponding state trajectory, such that u*(x(t+ o) < u*(x(t)) for
all 6¢ > 0. This implies that along such a trajectory the func-
tion u (x(+)) is nonincreasing, implying the feasibility of the
constraint it* (x(¢)) < 0.
Part 2: Having established the feasibility of the optimiza-
tion problem in Part 1 previously, consider now an xy in
XM for which J*(xo,t,u(-)) = minit*(xo(f)) = 0. This
implies that for this x,, the minimizing uypc is such that the
vector Axo + bu (which represents the current direction of
the state trajectory) is on the tangent plane to the surface
defining OX™(u"(x0)). This would further imply that the
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vectors Axg and buypc must themselves be coplanar (if they
were not, a different allowable value for uypc could have
been chosen to point the vector Axy + bu away from the tan-
gent plane to the surface defining OX™(u"(xo)), resulting in
a J'(xo(0) < 0). Upon implementation of such a uypc, the
tangent to OX™* at x(+7) cannot remain in the same plane
(due to the strict convexity of the boundary of the set X™**)
as that of the vector b resulting in min #*(xj) < 0. Therefore,
for any x, for which the minimum of #*(x(0)) = 0, the mini-
mum of #*(x(0")) < 0 ensuring convergence of u (x()) to
zero, in turn resulting in tllglo x(t) = 0.

Multiple input system: The result for the multiple input sys-
tem is a direct generalization for the single input system.
Having defined xo = > /Z1x;09, X" and X", the evolution
of the multiple input system is exactly the same as the sum
of the multiple single input systems. Feasibility and stability
of the subsystems yields stability for the original multi-input
system.

Remark 2: While extensive results exist on stabilization of
linear systems, the stability guarantees are provided for sub-
sets (which can get arbitrarily close to the null controllable
region) of the null controllable region, and the control design
becomes practically impossible to implement as larger stabil-
ity regions are sought. The approach in the existing results is
to estimate the time that it would take for all initial condi-
tions in the “desired” stability region to reach the origin, and
to incorporate it in some fashion in the controller design. In
model predictive control approaches, this idea can directly be
utilized via large or variable horizon (e.g., see Refs. 10 and
24), leading to computationally expensive optimization prob-
lems. In all of these approaches, the idea remains the same:
require the state to go to the origin (or some neighborhood
of the origin) by some time (the horizon), and pick a large
enough horizon to ensure feasibility of the optimization prob-
lem. When the horizon is variable, the optimization problem
is in general difficult to solve, since the number of decision
variables in the optimization problem itself keep changing.
When the horizon is fixed, the number of decision variables
that have to be retained grows as larger and larger subsets of
the null controllable region are desired as the stability region.
In contrast, the proposed predictive controller achieves guar-
anteed feasibility and stability for all initial conditions in the
null controllable region. Note also that while the specific
objective function of Eq. 18 is designed to satisfy the over-
riding requirement of stabilization (especially for initial con-
ditions close to the boundary of the null-controllable region
for which existing predictive control designs would result in
a computationally unimplementable controller), once the state
trajectory reaches closer to the desired equilibrium point (and
inside the stability region of existing predictive controllers®®),
switching can be executed to implement the predictive con-
trollers that allow for the minimization of a more general
objective function.

Remark 3: Note that while the results of Theorem 2 are
derived under the assumption of continuous implementation
of the control action, in practice the results can be imple-
mented when the control action is computed and held for a
certain period of time (as in most applications). In doing so,
for any given value of the state the current value of u; is
computed, and instead of computing a control action that
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yields #; < 0, a control action is computed that results in a
lower value of u! at the next sampling instant (see the simu-
lation example for a demonstration), thereby, not requiring
the computation and satisfaction of the constraint on the de-
rivative of u;.

Remark 4: The result achieving stabilization from the null
controllable region can best be understood in light of the
result using the control Lyapunov function. Specifically, the
controller of Egs. 3—-18 does not guarantee stabilization from
all initial conditions in the null controllable region due to the
following reasons: (1) for a choice of a CLF V, V is not nec-
essarily guaranteed to be negative for all initial conditions in
XM (2) even if a certain choice of the CLF resulted in V
being negative for all initial conditions in X™, the level sets
of a CLF may not necessarily coincide with the boundary of
the null controllable region. The stability region estimate
would, therefore, typically be a subset of the null controllable
region. Note also that if it were always possible to obtain the
global optimum to the optimization problem, then for the
specific choice of the objective function, the constraint of
Eq. 17 would be redundant. Specifically, if a control action
were to exist that would make u#*(x) <0 it would naturally
be chosen over another control action for which i*(x) > 0
(due to the specified objective function). In implementing the
control algorithm, however, the optimization problem may
not always be able to compute the global optimum. The con-
straint of Eq. 17 ensures that a local minima of #*(x), for
which #*(x) may be greater than zero (and may lead to
destabilization), is avoided, and only a stabilizing solution is
chosen.

Simulation example. Consider a linear system of the

. 0 -05 0
form of Eq. 12 with A = [1.0 15 },B— [7].0} and
u"®™ = 1 (representing a nominally unstable linear system).

The null controllable region X™®*, for this system is com-
puted using Eq. 14 and is shown in Figure 1. For the sake of
comparison, the stability region for the predictive controller
of Theorem 1, computed using a quadratic Lyapunov func-
tion, the set Il (as described in Eq. 10), and then construct-
ing the largest level set of the Lyapunov function V(x) =
™ = 1.1 completely contained in IT is also shown, denoted
by Q. The conservativeness in using level sets of the Lyapu-
nov function to estimate the stability region (for this particu-
lar example) is seen via the part of X™** not captured in Q.
While the theoretical results are derived under the assump-
tion of continuous implementation of the control action, the
simulation results demonstrate the discrete implementation of
the controller, with a discretization time of A = 0.1. The
constraint of Eq. 17, is, therefore, implemented as
u (x(t+A)) < u'(x(r)). The function u (x) is evaluated by
computing the unique solution pair u#*, T to the equation (uti-
lizing Eq. 19 in Ref. 22)

x(t) = 2e* + DA™ Bu* (22)

and then by evaluating u"(-) = Iu"l. Note that the same equa-
tion, setting u* = 1, and by varying T from 0 to oo, is used
to construct the boundary of the set X™* (for more details,
see Ref. 22). The optimization problem in the predictive con-
troller formulation is solved by using the MATLAB function
FMINCON.
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action to result in a decay in the value of V(x)). As can be
seen from the dashed lines in Figure 1, closed—loop stability
is not achieved (the corresponding state trajectories and input
profile can be seen as dashed lines in Figure 2 a—c). In con-
trast, when the control action computed by the proposed pre-

05 dictive controller is implemented, closed—loop stability is
achieved. Note that the proposed predictive controller does

- not try to compute a control action that decreases the value
* 0 of the Lyapunov function, but instead computes a control
action that drives the state trajectory along lower “level

05 sets” of u". Figure 2 d—e shows the evolution of the Lyapu-

nov function, and that of ;*(x(t)) for the two scenarios. Once
again, the figures demonstrate the decrease in the value of
the Lyapunov function initially achievable (see inset), after
which the state escapes the set of initial conditions from
where the negative definiteness of V can be enforced. In con-
trast, the solid lines show the decrease in the value of
u*(x(t)) enforced by the predictive controller (note that the
predictive controller also enforces a continual decrease in the
Figure 1. Evolution of the state trajectory for the linear value of the Lyapunov function is only incidental). In sum-

system example under the predictive control- mary, the proposed predictive controller drives the state tra-

ler of Eqs. 3-7 (dashed line) with a stability  jectory to successively lower values of u (x(r)) eventually

region Q, and under the proposed predictive stabilizing the system.

controller (solid line) with a stability region

Xmax,

Model predictive control of nonlinear systems

In contrast to linear systems, where an explicit characteri-

To illustrate the stabilization properties of the proposed zation of the null controllable region is possible, for nonlin-
predictive controller, we pick an initial condition x, = ear process systems such a characterization remains an open
[—0.6032, 0.6003] in X™, and try to stabilize it using the  problem. In*’, predictive controllers were designed that uti-
predictive controller of Eqs. 3-5 (that requires the control  lized auxiliary Lyapunov—based control design for estimating

3 I —
5 08 03
0s] 08 0_\\
X X 04 1
0 _
g
05 0
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g
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Figure 2. The state (a-b), and input profiles (c), and the evolution of the Lyapunov function (d), and u*(x(t)) (e), for
the linear system example under the predictive controller of Eqs. 3-7 (dashed lines), and under the
proposed predictive controller (solid lines).

The insets show the initial evolution of the system.
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the feasibility and stability region. In the predictive control
design of*’, the first layer of conservativeness stems from the
estimation of Il, which only captures initial conditions for
which negative definiteness of V can be achieved by the aux-
iliary control law, instead of characterizing the set of initial
conditions for which negative definiteness of V can be
achieved independent of the control law (which we will char-
acterize and denote by IT"). Additionally, only requiring V
to be negative allows stabilization from all initial conditions
inside Q, but misses out on achieving stabilization from ini-
tial conditions outside Q, but inside IT.

Nonlinear model predictive controller. We utilize in this
section the constraint handling capabilities of the predictive
controller to expand on the set of initial conditions from
where closed—loop stability can be achieved to alleviate the
possible conservatism associated with Lyapunov-based con-
trol designs. To this end, we first characterize the set ", for
which negative definiteness of the Lyapunov function deriva-
tive can be achieved subject to manipulated input constraints
(and independent of the control law) described by

I = {x € IR": LV(x) = Y |Lg V()™ < =€} (23)
i=1

where ¢** is a positive number to be defined. The set nt,
therefore, denotes the entire set of initial conditions from
where V < —g** is achievable (and not just the set from
where a specific control law can achieve V <0, thereby
improving upon the estimate IT in Eq. 10). The idea behind
the expression in Eq. 23 is as follows: each element of the
vector LgV(x), denoted by L, V(x) captures the effect of the
i-th component of the manipulated input on the Lyapunov
function derivative. The term —IL, V(x)luj°™, therefore, cap-
tures the most that the i-th manipulated input can contribute
toward making V(x) negative. Alternatively, the expression
can also be thought of as the set of states for which V(x) is
negative under the “bang-bang” control law given by u;(x)
= —sgn(Lg, V(x)ui*™ where sgn(x) = 1 if x > 0 and sgn(x)
= —1 if x < 0. By accounting for the maximum control
action available, the set TT" expands on the estimate I1. Sub-
sequently, computation of the largest level set QF, of the
form

QF = {x e IR": V(x) < ™} (24)

completely contained in IT* improves upon the estimate Q.
Requiring V < —&** instead of only requiring V < 0 is for-
mulated to ensure stabilization subject to implement and hold
(similar to the result in Theorem 1). Having defined the sets
IT" and Q" the predictive controller enhancing the set of ini-
tial conditions from which stability is achieved (accounting
specifically for initial conditions outside Q" but inside IT")
takes the form

u = argmin{J (x, ¢, u(-))|u(-) € S} (25)
sit. X=f(x)+Gx)u (26)
V(x(r)) < —€ Ve tt+A)if V(x(r)) >0 27)
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Vix(r)) <& Vrent+A) if Vx@)<d  (28)
x(it+1) el Ve nr+ A if Vx@)>c™ (29

where § = S(¢,T) is the family of piecewise continuous func-
tions (functions continuous from the right), with period A,
mapping [¢,t+7T] into U and T is the horizon. Eq. 26 is the
model describing the time evolution of the state x under con-
tinuous operation, V is the control Lyapunov function (CLF)
and &', ¥ > 0 are parameters defined in Theorem 1. A con-
trol u(-) in § is characterized by the sequence {u[j]} where
uljl:= u(GA) and satisfies u(tr) = wu[j] for all © €
[t+jAt+(+ DA).
The performance index is given by

+T

St = [ sl + )]s

W+ A)) (30)

where Q is a positive semidefinite symmetric matrix, R is a
strictly positive definite symmetric matrix, and v > O.
x“(s;x,f) denotes the solution of Eq. 1, due to control u, with
initial state x at time ¢. The minimizing control W) e Sis
then applied to the process over the interval [t,f + A) and
the procedure is repeated indefinitely. The feasibility and sta-
bility properties of the predictive controller are formalized in
Theorem 3 following:

Theorem 3: Consider the constrained system of Eq. 1
under the MPC law of Egs. 25-30. Then, given any d > 0,
there exists a positive real number e¥* such that if x, € Q7,
where Q1 was defined in Eq. 24, then the optimization prob-
lem of Eq. 25-30 is guaranteed to be feasible for all times,
x(t) € QF for all t > 0 and limsup,_ . ||x(¢)|| < d. Further-
more, for xo € IINQ" where TI" was defined in Eq. 23, if
the optimization problem of Eq. 25-30 is successively feasi-
ble for all times, then x(t) € ot yo* for all t > 0 and
lim sup, ., [lx(1)] < d.

Proof of Theorem 3: The proof of the theorem comprises
of two parts. In part 1, we show the feasibility of the optimi-
zation problem for all x € Q" and subsequent convergence to
the desired neighborhood of the origin, while in part 2, for x
¢ Q" we show convergence to the desired neighborhood of
the origin upon assumption of feasibility of the optimization
problem.

Part 1: From theorem 1 and the proof (see Ref. 39) it fol-
lows that given d, there exist positive real numbers ¢ and
A*, such that if A € (0,A*], then satisfaction of the con-
straints of Eqgs. 27-28 ensures convergence to the desired
neighborhood of the origin. In the proof, we show the exis-
tence of the positive real number &** (yielding Q*), which
ensures initial and continued satisfaction of the constraints of
Eqgs. 27-28 for all x, € Q. From the continuity of the func-
tions f(:), G(-) LV(-) LsV(-), the boundedness of u, and by
restricting the state x, to the set Q7, it follows that given &*
and A* there exists a positive real number &**, such that if
LV(xg) + LeV(xoug < —&** then LV (x(1)) + LgV(x(1))ug
< —¢* VY 1 € (0,A*], where ¢*, A* were defined in Theorem
1. This ensures initial feasibility of the constraints of Eq. 27
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for all xo € Q7. Initial satisfaction of the constraints ensures
that V(x(r + A)) < V(x(¢)), which in turn implies that x(r+A)
e QF for all + > 0, thereby yielding successive feasibility of
the optimization problem. Successive feasibility of the opti-
mization problem leads to convergence to the desired neigh-
borhood of the origin.

Part 2: For all xo € Q, the assumption of initial and suc-
cessive feasibility of the constraint of Eq. 29 ensures that
x(t + 1) e ITT for all x(r) € Q, © € (0,A*]. Also, the satis-
faction of the constraint of Eq. 27 ensures that the value of
the Lyapunov function continues to decrease, implying that
the state trajectory eventually converges to the set Q. Con-
vergence to limsup,_, ||x(¢)|| < d follow from part 1 previ-
ously. This concludes the proof of Theorem 3.

Remark 5: The meaning and implication of the constraints
of Eqgs. 27-29 is as follows: the constraint of Eq. 27 requires
the control action to enforce a decay in the value of the Lya-
punov-function value over the next time interval; because of
the discrete nature (implement and hold) of the control
action, such decay may not be achievable for all state values,
and is only requested to drive the process to a desired neigh-
borhood of the origin defined by V(x) < &'. Once the process
reaches the desired neighborhood of the origin, the constraint
of Eq. 28 prevents the state from escaping that neighborhood.
For initial conditions within a level set of the Lyapunov
function (QF), successive decays in the Lyapunov function
value is achievable and sufficient to drive the state to the
desired neighborhood of the origin. For initial conditions out-
side the set QF, the constraint of Eq. 29 asks for the control
action to be computed such that for the process state at the
next time instant, negative definiteness of V can be succes-
sively achieved. This ensures that out of all possible control
actions that can achieve negative definiteness of V, one is
chosen that ensures that the state trajectory stays within IT*
from where continued decay of the Lyapunov function value
is possible. A continued decay in the Lyapunov function
value leads to convergence to the desired neighborhood of
the origin. Note also that in contrast to the result on linear
system, guaranteed feasibility for all initial conditions in the
null controllable region simply cannot be achieved, yet Eq.
29 represents a constraint that at least guides the control law
to take some meaningful control action for initial conditions
outside Q". This constraint goes beyond (and does better
than) simply requiring a decay in the value of the Lyapunov
function and enables stabilization from a larger set of initial
conditions (see the simulation example for a demonstration).
Remark 6: Note that if one were to use a bounded control
design to achieve stability and characterize the stability
region, one would also get the stability guarantees from an
explicitly characterized set of initial conditions. However, the
bounded controllers are designed to only achieve negative
definiteness of V. For initial conditions within Q", decreas-
ing value of the Lyapunov function ensures that the process
stays within Q" and is stabilized. For initial conditions out-
side Q*, while initially a decrease in the Lyapunov function
value may be achieved, the process may drift out of the set
of initial conditions from where V < 0 is achievable. The
bounded control designs do not have a mechanism to prevent
this from happening, motivating the use of predictive control
approach.

AIChE Journal June 2008 Vol. 54, No. 6

Published on behalf of the AIChE

Remark 7: Note that the estimates of the stability region,
and the enhancement with the proposed predictive controllers
are influenced by the choice of the control Lyapunov func-
tion. Furthermore, referring to the choice of the control Lya-
punov function (and this holds for other Lyapunov-based
control laws as well), it is important to note that a general
procedure for the construction of CLFs for nonlinear process
systems of the form of Eq. 1 is currently not available. Yet,
for several classes of nonlinear process systems that arise
commonly in the modeling of engineering applications, it is
possible to use suitable approximations,*® or exploit system
structure to construct CLFs. One approach that can be uti-
lized in the construction of CLFs is to use the linearized sys-
tem matrices to compute a quadratic Lyapunov function, and
analyze the stability properties for the nonlinear system using
the quadratic Lyapunov function. Possible conservatism in
the stability region estimates can be mitigated by accounting
for the stability region “size” in the choice of the Lyapunov
function (parameterized by the entries in matrix P for a
quadratic Lyapunov function of the form x'Px), for instance,
by formulating an optimization problem to determine (if pos-
sible) a Lyapunov function whose derivative can be made
negative definite over a desired neighborhood of the origin.
Remark 8: Note that in other predictive control approaches
that pose a constraint for the state trajectory to go to some
invariant set at the end of the horizon, or on determining
appropriate cost functions that can serve as Lyapunov func-
tions for the system, the horizon has to be “sufficiently”
large (thereby increasing the complexity of computation) or
one needs to assume feasibility of the optimization problem.
A distinguishing feature of the proposed predictive controller
is the formulation of stabilization constraints on the current
control action which enables the characterization of the feasi-
bility properties using Lyapunov-tools, without needing the
horizon to be excessively large. While a rigorous analysis of
the output-feedback problem (addressing the unavailability of
some of the states as measurement), and robustness analysis
remains outside the scope of this work, the proposed method
can in principle be generalized to an output feedback setting,
by incorporating robustness with respect to estimation errors
in the state feedback controller and combining with an appro-
priately designed nonlinear observer. In this work, the robust-
ness of the proposed predictive controller with respect to
parametric uncertainty and disturbances are investigated via
application to the styrene polymerization reactor.

Hlustrative chemical process example. Consider a contin-
uous stirred-tank reactor, where an irreversible, first-order
exothermic reaction of the form A — B takes place. The
mathematical model for the process takes the form

—E
. F —
Ca == (Cao — Ca) — koeRTRC,
\%
_E 3D
0

. _F (-AH) BT~
Tp = — (Tao — T) + ———koeRTRCy + ——
R V( A0 ®) + 05, o€ A +pc,,V

where C, denotes the concentration of the species A, Tr
denotes the temperature of the reactor, Q is the heat added to
the reactor, V is the volume of the reactor ky, E, AH are the

pre-exponential constant, the activation energy, and the en-
thalpy of the reaction, and ¢, and 0 are the heat capacity and
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Table 2. Chemical Reactor Parameters and Steady-state

Values
vV =0.1 m
R = 8314 KJiKmol™' - K
Cao, = 1.0 Kmolm™3
Tyo, = 310.0 K
0, =00 KJmin™!
AH = —4.78 X 10* KJKmol™!
ko = 72 X 10° min~!
E = 8314 x 10* KJKmol ™!
¢, = 0239 KJKg - K~
p = 1000.0 Kgm
F =100 % 1073 m’min”!
Tgs = 395.33 K
Cyy = 0.57 Kmolm™3

fluid density in the reactor. The values of all process parame-
ters can be found in Table 2. The control objective is to sta-
bilize the reactor at the unstable equilibrium point (C%, T})
= (0.57 Kmol/m3, 395.3 K) using the rate of heat input, Q,
and change in inlet concentration of species A, AC4 = Cyo
— Cao, as manipulated inputs with constraints: IQ < 32 KJ/s
and IAC 40l < 1 Kmol/m®.

We first construct a Lyapunov-based predictive controller
using a V(x) = x'Px, where x = (C4 — C%, Tr — T}).
P (0.983 0.025

0.025 0.001
solving the Riccati inequality with the linearized system
matrices. The parameters in the objective function of Eq. 30
are chosen as Q = g¢ql, with ¢ = 0.1, and

R = (10'0 0.0 ) The set IT and the stability region

), where the matrix P is computed by

0.0  10000.0
estimate under the Lyapunov-based controller Q are com-
puted and shown in Figure 3. The constrained nonlinear opti-
mization problem is solved using the MATLAB subroutine
FMINCON, and the set of ODEs is integrated using the
MATLAB solver ODEIS5s.

0 05 1 15
C, (kmol/m’)

Figure 3. Evolution of the state trajectory for the chem-
ical reactor example under the predictive
controller of Egs. 3-7 (dashed line) with a sta-
bility region Q, and under the proposed pre-
dictive controller (solid line) enabling stabili-
zation from initial conditions outside Q.
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Figure 4. The state profiles for the chemical reactor
example under the predictive controller of
Egs. 3-7 (dashed lines), and under the pro-
posed predictive controller (solid lines) from
an initial condition outside Q.

To illustrate the enhancement in the set of initial condi-
tions from where closed—loop stability can be achieved using
the proposed controller, we pick an initial condition C4(0),
Tr(0) = 1.113 kmol/m’, 395.3 K outside Q, but inside IT".
We first implement the Lyapunov-based predictive controller
of Theorem 1 that only requires the value of the Lyapunov
function to decrease. Since the initial condition is within the
set IT*, there exists a control action that can enforce nega-
tive definiteness of the Lyapunov function, and the controller
proceeds to implement such control action. However, enforc-
ing negative definiteness of V (i.e., driving the trajectory to
successively lower level curves of the Lyapunov function), is
not sufficient to ensure that the trajectory remains within the
set IT*. At + = 0.12 min, the state trajectory escapes out of
IT*, and it is no longer possible to find a control action that
enforces negative definiteness of V. If the stability constraints
are removed to allow feasibility of the optimization problem,
the value of the Lyapunov function continues to increase
(see dashed lines in Figures 4 and 5 for the corresponding
state and input profiles), and closed—loop stability is not
achieved. In contrast, if the proposed predictive controller is
implemented, it not only enforces negative definiteness of V,
but also ensures that the state trajectory does not escape I1".
In other words, out of possible state trajectories along
decreasing values of the level curves of V(x), those are cho-
sen (if they exist) that keep the state profile in II". Closed—

o I
[v] 1
£ F-10
0 1 3
£05 o <20
vo ' L o
o | ——— -30

0 0 02 04

-40
0 20 40 0 20 40
Time (min) Time (min)

Figure 5. The input profiles for the chemical reactor
example under the predictive controller of
Egs. 3-7 (dashed lines), and under the pro-
posed predictive controller (solid lines) from
an initial condition outside Q.
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Figure 6. Evolution of the state profiles for the styrene
polymerization process under the proposed
predictive controller in the absence (solid
lines) and presence of disturbances (dashed
lines).

loop stability is, thereby, achieved, demonstrating an expan-
sion on the set of initial conditions from where closed—loop
stability can be achieved by better utilizing the constraint
enforcing capabilities of the predictive control approach.

Application to the Styrene Polymerization
Process

Having illustrated the enhancement in the stability region
via a chemical reactor example, we implement the predictive
controller on the styrene polymerization process. To this end,
first a quadratic Lyapunov function of the form V(x) = x” Px

52570 2457 2614 6.942

with P — 2457 1819 1340 2.561 is chosen in
261.4 1340 1.708 0.2300
6.942 2561 0.2300 0.9668

the predictive controller design and the set of initial condi-
tions from where V < 0 is achievable (the set IT"), and the
invariant set Q" within IT" (defined by V(x) < 105) is com-
puted. In the application, the “discretized” version of the sta-
bility constraint are implemented, i.e., V(x(r + A)) < V(x(¢))
is implemented instead of V(x(t + 1)) < —¢*, and x(t + A)
e IT* is implemented instead of x(t + 7) € IT*. The weight-
ing matrices in the predictive controller were chosen as Q =
gl with ¢ = 0.1 and R = rl, with r = 1, where I, and I,
are the identity matrices of appropriate dimensions.

We first demonstrate the implementation of the predictive
control algorithm for an initial condition (C,(0) = 0.11
kmolm™>, Cyy(0) = 3.73 kmolm™>, T(0) = 334.92 K, T.(0) =
314.24 K) outside the set Q". As can be seen from the solid
lines in Figures 6 and 7 (which show the evolution of the
state and input profiles), even though the initial condition is
significantly outside the stability region estimate, the predic-
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Figure 7. The input profiles showing the deviations
from the nominal monomer and coolant flow
rates for the styrene polymerization process
under the proposed predictive controller in
the absence (solid lines) and presence of
disturbances (dashed lines).

tive controller is able to stabilize the closed—loop system.
We next investigate the robustness of the predictive control-
ler with respect to parametric uncertainty and disturbances
from an initial condition C;(0) = 0.05 kmolm ™3, Cy(0) =
2.45 kmolm ™3, T(0) = 372.66 K, T.(0) = 332.05 K. Specifi-
cally, we consider errors in the values of the parameters A,
hA and V. of magnitude 1%, 2% and 10%, respectively, as
well as sinusoidal disturbances in the initiator flow rate F,,
and the coolant inlet temperature T, of magnitude 10%
around the nominal values. These parametric errors and dis-
turbances result in a change in the value of the nominal
steady state. The predictive controller is, however, able to
offset the effect of the parametric errors and disturbances
demonstrating robust stabilization of the closed—loop system
(see dashed lines in Figures 6 and 7).

Conclusions

This work considered the problem of predictive control of
nonlinear process systems subject to input constraints. A pre-
dictive controller for linear systems was first designed that
achieves stability for every initial condition in the null con-
trollable region without resorting to infinite horizons. For
nonlinear process systems, predictive controllers were
designed that expand on the set of initial conditions from
where closed—loop stability is achievable. The proposed
method was illustrated using a chemical reactor example,
and the robustness with respect to parametric uncertainty and
disturbances demonstrated via application to a styrene poly-
merization process.
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